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1 Introduction
The N=1 and N=2 supersymmetric abelian Born-Infeld-type actions in four dimen-
sions describe low-energy (worldvolume) dynamics of a single D3-brane propagating
in four or six dimensions, respectively. Those actions can be interpreted as the Gold-
stone actions of partial (1/2) spontaneous supersymmetry breaking, with the Gold-
stone fields being in a (Maxwell) vector supermultiplet with respect to the unbroken
supersymmetry. 3 The unbroken N=1 or N=2 supersymmetry can be made manifest
in superspace. The N=1 supersymmetric Born-Infeld (BI) or Goldstone-Maxwell ac-
tion was formulated in ref. [2], while its N=2 supersymmetric extension was found in
ref. [3].
As was pointed out by Witten [4], there is the non-abelian gauge symmetry en-
hancement when N parallel D3-branes coincide. A supersymmetric abelian BI action
is then supposed to be replaced by a Nonabelian Born-Infeld (NBI) action where the
worldvolume fields are valued in the Lie algebra of U(N). Both abelian and non-
abelian BI actions are, in fact, the eective actions, being defined modulo local field





− det (µν + 20Fµν) (1)
is unambiguous, being dependent upon the abelian field strength Fµν = @µAν −
@νAµ only, and not upon its spacetime derivatives (@F ). In contrast, a bosonic NBI
action is not well-defined, while there are two principal sources of its ambiguities
[1]. The first type of non-abelian ambiguities is related to the obvious fact that
the terms dependent upon the gauge-covariant derivatives of the non-abelian field
strength cannot be unambiguously separated from the F -dependent commutators,
since bdDµ; DνceFλρ = bdFµν ; Fλρce. Any concrete proposal for an NBI action has to
specify an order of the F -matrices and, hence, it may effectively include some of the
DF -dependent terms, even if they do not explicitly appear in the action. Though the
full non-abelian effective action certainly includes the derivative-dependent terms, it
does not make much sense to keep some of them while ignoring the others, unless there
is a good reason for that. Perhaps, the best one can do with a bosonic NBI action is
to define it for almost covariantly constant gauge fields with almost commuting field
strengths, which does not seem to be very illuminating. The second (related) type of
ambiguities is given by the trace operation over the gauge group. For example, when
3See ref. [1] and references therein for a review.
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using the abelian identity (20 = b)
− det (µν + bFµν) = 1 + b
2
2
F 2 − b
4
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(FF˜ )2 ; F˜ µν = 12"
µνλρFλρ ; (2)

















− det(µν + bFµν) ; (3b)
where Fµν = F
a
µνta, ftag are the hermitian generators of the gauge group, bdta; tbce =
if cabtc, tr(tatb) = ab , and Str is the symmetrized trace,








tpi(a1)    tpi(ak)
)
: (4)
The F -matrices effectively commute under the symmetrized trace, so that the formal
definition (2) of the determinant still applies in eq. (3b). It is not difficult to verify that
the equations of motion in the NBI theory (3b) on self-dual (Euclidean) configurations
(Fµν = F˜µν) coincide with the ordinary Yang-Mills equations, so that they have the
same BPS solutions [6], though the existence of a BPS bound is not obvious in the
non-abelian case. Away from self-dual configurations the action (3a) is much simpler
than (3b), while it is also known to admit solitionic (glueball) solutions [7].
The gauge-invariant actions (3a) and (3b) are obviously different, so that further
resolution requirements are needed. Some extra conditions are provided by string
theory, because the BI action is well-known to represent the effective action of slowly
varying gauge fields in open string theory. The most basic requirement of string the-
ory is the overall single trace of the non-abelian gauge field strength products [1].
The overall symmetrized trace advocated by Tseytlin [1] is a stronger condition based
on the observation that it reproduces the F 4-terms in the nonabelian effective action
of open superstrings in ten dimensions [5]. In this paper I show that adding super-
symmetry unexpectedly gives rise to a more natural way of defining supersymmetric
NBI actions in four dimensions, which is not apparent in the bosonic case.
At first sight, it seems to be straightforward to supersymmetrize any NBI ac-
tion, so that supersymmetry would not add anything towards its intrinsic definition.
However, in fact, supersymmetry does tell us something more about the BI actions.
For example, linearly realized supersymmetry apparently prefers a parametrization of
the abelian BI actions in terms of the (anti)self-dual combinations, F = 12(F  F˜ ),
rather than in terms of the naively expected tensors F and F˜ . More importantly, it
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is the spontaneously broken (non-linearly realized) supersymmetry on the top of the
unbroken (linearly realized) supersymmetry that fully determines the complicated
non-linear structure of the supersymmetric abelian BI actions [1, 2, 3]. Though a
Goldstone interpretation of supersymmetric NBI actions is far from being obvious,
if any, the known Goldstone reformulations of the N=1 and N=2 supersymmetric
abelian BI actions in superspace give us the natural basis for a construction of their
nonabelian generalizations.
The paper is organized as follows. In sect. 2 the N=1 and N=2 supersymmetric
abelian BI actions are reviewed by emphasizing their Goldstone nature. In sect. 3 their
nonabelian generalizations are proposed in N=1 and N=2 superspace, respectively.
Sect. 4 is my conclusion.
2 N=1 and N=2 abelian BI actions
The abelian bosonic BI Lagrangian LBI(F ) can be thought of as the unique non-linear
generalization of the Maxwell Lagrangian, −14F 2, under the conditions of preservation
of causality, positivity of energy, and electric-magnetic duality. In particular, the
duality invariance of an abelian Lagrangian L(F ) amounts to a constraint [8]
GµνG˜
µν + FµνF˜





Supersymmetry is known to be consistent with all those physical properties, so that
the supersymmetric abelian BI actions enjoy similar features.









d4xd4 Y (K; K¯)W 2W¯ 2 ; (6)
where the structure function Y is given by
Y (K; K¯) =
1
1− 12(K + K¯) +
√




2W 2 ; D2 = DαDα ; W
2 = W αWα ; W¯





in terms of the abelian N=1 chiral spinor superfield strength Wα,  = 1; 2, satisfying





= 0 ; DαWα = D¯ •αW¯
•
α : (9)
4The deformation parameter b is set to be equal one. The dependence upon b can be easily
restored on dimensional reasons. I also ignore T3 for simplicity.
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The action (6) can be rewritten to the ‘nonlinear sigma-model’ form [2, 1]
S1BI =
∫
d4xd2 Φ + h:c: ; (10)





It is worth mentioning that the constraint (11) is merely Gaussian in Φ, while its
perturbative solution is unambiguously constructed in superspace by iterations.
In fact, the simple constraint (11) is most useful in proving the invariance of
the action S1BI under the second (non-linearly realized or spontaneously broken)
supersymmetry with the rigid anticommuting spinor parameter α [2],
2Φ = 











where the second equation follows from the first one after the use of eqs. (9) and
(11). The constraint (11) generating the full action (6) is also quite useful in proving
an electric-magnetic self-duality of S1BI. The duality invariance amounts to another
non-local constraint [9]
∫
d4xd2 (W 2 + M2) =
∫




which is the straightforward N=1 generalization of eq. (5).







d4xd8Y(K; K¯)W2W¯2 ; (14)
with the same structure function
Y(K; K¯) = 1
1− 12(K + K¯) +
√
1− (K + K¯) + 14(K − K¯)2
; (15)
but






ij ; Dij = D
α
i Dαj = Dji ; i = 1; 2 ; (16)
in terms of the N=2 restricted chiral gauge superfield strength W satisfying the off-




i W = 0 ; D4W = 2W¯ : (17)
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The action (14) can be rewritten (modulo ambiguous @W -dependent terms) to





d4xd4X + h:c: ; (18)
whose N=2 chiral Lagrangian X satisfies a nonlinear N=2 superfield constraint
X = 14X D¯4X¯ +W2 : (19)
Similarly to the N=1 abelian BI action, the non-linear constraint (19) gives us the
convenient constructive way to handle the complicated N=2 BI abelian action (14).
Moreover, like their N=1 counterparts, eqs. (18) and (19) appear to be quite useful
in proving the invariance of S2BI under two extra (nonlinearly realised) supersymme-
tries and the Peccei-Quinn-type symmetry associated with two spontaneously broken
translations (from the the viewpoint of a D3-brane propagating in six dimensions)
[3],










where the infinitesimal superfield parameter Λ =  + αi 
i
α comprises the complex
(rigid) parameters of spontaneously broken translations () and spontaneously broken
N=2 supersymmetry (iα), whereas X is the perturbative solution to the non-linear
constraint (19) by iterations, to all orders in W and W¯.
As was demonstrated in ref. [9], electric-magnetic self-duality of an N=2 action
S(W; W¯) amounts to the natural N=2 supersymmetric extension of the N=1 nonlocal
constraint (13),
∫
d4xd4 (W2 +M2) =
∫
d4xd4¯ (W¯2 + M¯2) ; i4M =
S
W ; (21)
while it appears to be satisfied in the case of S2BI defined by eqs. (18) and (19).
A manifestly N=4 supersymmetric abelian BI action is not known (see, however,
ref. [1] and references therein for some partial results).
3 N=1 and N=2 supersymmetric NBI actions
Having understood the fact that the simple non-linear constraints (11) and (19) fully
determine the structure of the highly complicated abelian BI actions (6) and (14),
respectively, it is natural to dene the N=1 and N=2 supersymmetric NBI actions by
non-abelian generalizations of eq. (11) and (19). It is worth noticing here that this
way of reasoning does not apply to the purely bosonic case.
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The nonabelian (Yang-Mills) N=1 chiral superfield strength is given by the well-












= 0 ; (22)
where the real scalar gauge superfield potential V transforms under gauge transfor-
mations with the chiral paramater Λ(x; ; ¯) in the standard way [10],
e2V ! e−2iΛ¯e2V e2iΛ ; D¯ •
α
Λ = 0 ; (23)
so that Wα and W¯ •α transform covariantly, viz.
Wα ! e−2iΛWαe2iΛ ; W¯ •α ! e−2iΛ¯W¯ •αe2iΛ¯ : (24)








where Φ is the N=1 chiral superfield Lagrangian that transforms like Wα under the
gauge transformations. The invariant action reads
S1NBI =
∫






d4xd2 Str Φ + h:c: (26b)
The NBI actions (26a) and (26b) are supersymmetric and gauge-invariant, while they
both have a single overall trace. The symmetrized trace in eq. (26b) is supposed to
be applied to the gauge-covariant operators only, by definition.
It is instructive to take a look at the structure of the quartic (F 4) terms in the
actions (26), which arise from the standard ‘adjoint chiral matter’ term,∫
d4xd4 (S)tr e−2V ¯e2V ;  = W 2 : (27)
It is straightforward to verify that taking the ordinary trace, as in eq. (26a), results
in the non-abelian generalization of the Euler-Heisenberg Lagrangian, in the bosonic




tr(F 2)2 + tr(FF˜ )2
]
: (28)
In contrast, taking the symmetrized trace, as in eq. (26b), exactly yields the F 4-terms
appearing in the expansion of the bosonic NBI Lagrangian (3b) [11]. Hence, if one
5All superfields are now Lie algebra-valued.
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insists on the choice (3b) of the bosonic NBI action, its supersymmetric extension in
the compact form is provided by eq. (26b) — cf. ref. [11]. Though supersymmetry
does not provide a resolution between the two different actions (26a) and (26b), in
the absence of more physical reasons eq. (26a) seems to be more natural to me just
because it is much simpler, being dependent upon only two matrix building blocks,
W 2 and W¯ 2 (or F 2 and FF˜ ), and their covariant derivatives (see below). The action
(3a) does not seem to have a nice supersymmetric generalization.
It is possible to rewrite the action (26) into the manifestly gauge-invariant and
N=1 supersymmetric form, by using the N=1 supersymmetric gauge-covariant deriva-


















































α = rαWˆα : (30)
Equation (26) then takes the form
S1NBI =
∫
d4xd2 (S)tr Φˆ + h:c: ; (31)
where the N=1 covariantly-chiral Lagrangian Φˆ is the perturbative (iterative) solution
to the manifestly gauge-covariant and supersymmetric nonlinear superfield constraint
Φˆ = 12Φˆr¯2 ˆ¯Φ + 12Wˆ 2 : (32)
It is not difficult to generalize eqs. (31) and (32) further to the case of N=2
supersymmetry, by doing a similar construction in N=2 superspace. The standard
N=2 superspace constraints, defining the off-shell N=2 supersymmetric Yang-Mills
















































Wˆ = 0 and rijWˆ = r¯ij ˆ¯W : (34)
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I use the following book-keeping notation:























where all symmetrizations have unit weight. The nonabelian generalization of the D¯4
operator, which converts the (covariantly) anti-chiral N=2 superfields into (covari-
antly) chiral N=2 superfields, is most easily (and unambiguously) identified in the
SL(4;C) notation of ref. [13], by combining the fundamental SL(2;C) and SU(2) in-
dices into a single (fundamental) SL(4;C) index a = (
•
; i) = 1; 2; 3; 4. The r¯-algebra
of eq. (33) in the SL(4;C) notation takes the familiar Dirac-type-form
fr¯a; r¯bg = 2CabWˆ ; r¯aWˆ = 0 ; (36)
with the constant metric C, C2 = 1 and CT = C. The desired gauge-covariant




























d4xd4 (S)tr Xˆ + h:c: ; (39)
whose N=2 covariantly chiral Lagrangian Xˆ is the perturbative (iterative) solution
to the N=2 superfield constraint
Xˆ = 14Xˆ r¯4 ˆ¯X + Wˆ2 : (40)
4 Conclusion
The proposed N=1 and N=2 supersymmetric NBI actions in components contain only
even powers of F , while they reduce to the known super-Born-Infeld (or Goldstone-
Maxwell) actions in the abelian case. Both actions enjoy the ‘auxiliary freedom’, by
keeping the auxiliary fields D (in a Wess-Zumino gauge) from being propagating,
with D = 0 as a solution to their equations of motion. Taking the ordinary trace
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in eqs. (31) and (39) is apparently the most natural and economical choice from the
viewpoint of supersymmetry, though the choice of the alternative symmetrized trace
is not excluded.
Unlike the supersymmetric abelian BI actions (sect. 2), their supersymmetric non-
abelian counterparts (sect. 3) are dependent upon the gauge superfields not only via
their gauge superfield strengths but also directly (via the gauge-covariant derivatives).
This feature prevents the notion of abelian electric-magnetic duality from being ex-
tended to the supersymmetric NBI actions.
It would be interesting to investigate a structure of BPS solutions to the new super-
symmetric NBI actions, a precise relation between those actions and the nonabelian
Dirac-Born-Infeld-type actions describing clusters of D3-branes with ‘deformed’ (non-
linear) supersymmetry, as well as a possible connection to noncommutative geometry
along the lines of ref. [14].
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